Abstract. The manner in which the parameters of a two-Higgs-doublet model can be chosen so that no Higgs boson is discovered at a √ s ≤ 800 GeV e + e − collider, while maintaining consistency with current precision electroweak measurements, is described. The importance of a Giga-Z factory and higher collider energies for such a scenario is emphasized.
Models abound in which the 2HDM extension of the SM (without supersymmetry) is the effective theory, correct up to some new physics scale, Λ (set by, for example, the size of extra dimensions or the scale at which new interactions creating the Higgs bosons as bound states of fermions become strong). In general, the 2HDM can be CP-violating. However, for simplicity we focus on the CP-conserving 2HDM of type II, with eigenstates h 0 , H 0 , A 0 and H ± . Unlike the MSSM 2HDM, the quartic Higgs potential couplings, λ i , are not a priori determined by gauge couplings. Further, the λ i need only remain perturbative up to Λ, which could easily be ∼ 1 − 10 TeV. 2HDM Higgs boson masses up to ∼ 1 TeV are consistent with
It is only if the α i are required to remain < ∼ 1 after evolving to Λ ∼ 10 19 GeV that the 2HDM predicts 90 GeV < ∼ m h 0 < ∼ 175 GeV and near maximal g ZZh 0 coupling [1] . More generally, the decoupling limit [2] , defined by α i ∼ O(1), m H 0 , m A 0 , m H ± ∼ M large (in which limit the h 0 is SM like), need not be nature's choice. Here, we focus on non-decoupling scenarios and summarize the extent to which a √ s ∼ 500−800 GeV e + e − collider with high luminosity (we adopt a benchmark of L = 1 ab −1 ) is guaranteed to discover at least one Higgs boson. We also discuss the extent to which the complementary Giga-Z factory would find clear direct or indirect evidence of a 2HDM sector, particularly in cases where no Higgs boson would be discovered in √ s ∼ 500 − 800 GeV running.
The greatest strength of an e + e − collider is that a light Higgs boson with any significant ZZ coupling will be discovered. But, for moderate tan β, the one-loop induced ZZh coupling [3] of a light h with no tree-level ZZ coupling (i.e. h = A 0 or h = h 0 with sin(β − α) = 0, the latter implying a special symmetry for the Higgs potential) is sufficiently small that Z → Z * h would not have been detected at LEP and would not be detected at a Giga-Z factory. The alternative Z → hγ decays would also not be detected if 0.3 < tan β < 15 [4] . At large √ s, the offshell behavior of the one-loop induced Z * Zh coupling suppresses the cross section ∝ m 2 t /s and σ 1−loop (Zh) falls below the level needed for 20 events at L = 1 ab
Thus, alternative production mechanisms for a light h with g ZZh = 0 should be considered. If A 0 and h 0 are both light, then A 0 h 0 production (∝ cos 2 (β − α)) and Zh 0 production (∝ sin 2 (β − α)) cannot be simultaneously suppressed. If both the CP-even Higgs bosons, h 0 and H 0 , are light, then ZH 0 production (∝ cos 2 (β − α)) will be detected if Zh 0 production is not. Current LEP limits on the masses of two light Higgs bosons are significant [5] , and would be correspondingly increased at higher √ s. If there is only one light Higgs boson, h, and it has zero ZZh coupling, the four important production mechanisms are: e + e − → hhZ, bbh, tth and γγ → h. The hhZ and W + W − → hh processes [6] [7] [8] are guaranteed to have contributions from the purely gauge hhZZ and hhW + W − couplings, respectively. The additional diagrams involving Higgs exchanges tend to suppress the cross section relative to the purely gauge-coupling result. Figure 1 gives the maximum and minimum values of σ(hhZ) obtained after scanning 1 < tan β < 50 for both h = A 0 and h = h 0 (with sin(β − α) = 0 in the latter case) at √ s = 500 and 800 GeV. Other Higgs masses are taken equal to √ s. Assuming (optimistically) that 20 events will be adequate for discovery with L = 1 ab −1 , m h 0 < 145 GeV (< 225 GeV) and m A 0 < 155 GeV (< 250 GeV) will be probed at √ s = 500 GeV (800 GeV).
When g ZZh = 0, the Yukawa processes cannot both be coupling suppressed. Sum rules guarantee [9] 4 At least we see that if m h is small (e.g., for h = A 0 , m A 0 ≤ 50 GeV at √ s = 500 GeV or m A 0 ≤ 140 GeV at √ s = 800 GeV) the h will be detected, 3) Although W W fusion does not have 1/s suppression, the 1-loop induced cross section is also too small at these energies.
4) The wedges of [m A 0 , tan β] parameter space for which bbA 0 and ttA 0 will be undetectable are essentially the same as found for a general CP-violating 2HDM h in [9] . assuming 20 bbh or tth events are sufficient. In contrast, observation of Z → bbh at a Giga-Z factory is not possible, even for m h < 10 GeV, if tan β < ∼ 7 [4] . Of course, the 'no-discovery' wedges of Fig. 2 expand considerably for m h > √ s − 2m t ; the tan β value below which bbA 0 production cannot be seen continues to increase and there is no lower tan β bound to the wedges. Similar results are obtained for h = h 0 when the ZZh 0 coupling is zero [10] . In these problematical regions of moderate tan β values and moderate m h masses where h production is kinematically possible but hhZ, tth and bbh production rates are too small for observation, γγ → h production is also unlikely to produce a detectable signal for expected luminosities.
Surprisingly, in these scenarios, the parameters for the other (heavy) Higgs bosons can be chosen so that the fit to precision electroweak observables is nearly as good as that obtained with a light SM Higgs boson, despite the fact that the CPeven Higgs boson with substantial W W, ZZ couplings is heavier than √ s [9, 10] . This is illustrated in Fig. 2 for the case of h = A 0 . The ∆χ 2 values between the best 2HDM and SM precision electroweak fits are seen to obey ∆χ 2 < 2 in the √ s = 500 GeV and √ s = 800 GeV L = 1 ab −1 'no-discovery' wedges when tan β > 0.7. What is happening is best made clear using the S, T plane picture, Fig. 3 . The outer ellipse in Fig. 3 defines the current 90% CL region in the S, T plane from precision measurements, assuming U = 0 and a SM Higgs mass of 115 GeV [11] . Focusing on the case of a light h = A 0 , ∆χ 
